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STRICT SINGULARITY OF VOLTERRA TYPE OPERATORS ON
HARDY SPACES
QINGZE LIN, JUNMING LIU*, YUTIAN WU
Abstract. In this paper, we first characterize the boundedness and compact-
ness of Volterra type operator Sgf(z) =
∫
z
0
f ′(ζ)g(ζ)dζ, z ∈ D, defined on
Hardy spaces Hp, 0 < p <∞. The spectrum of Sg is also obtained. Then we
prove that Sg fixes an isomorphic copy of ℓp and an isomorphic copy of ℓ2 if
the operator Sg is not compact on Hp(1 ≤ p <∞). In particular, this implies
that the strict singularity of the operator Sg coincides with the compactness
of the operator Sg on Hp. At last, we post an open question for further study.
1. Introduction
Let D be the unit disk of the complex plane C and H(D) the space consisting of
all analytic functions on D. Then for 0 < p <∞, the Hardy space Hp on D consists
of all analytic functions f ∈ H(D) satisfying
Hp := {f ∈ H(D) : ‖f‖Hp =
(
lim
r→1−
∫
∂D
|f(rξ)|pdm(ξ)
)1/p
<∞} ,
where m is the normalized Lebesgue measure on ∂D. By [13, Theorem 2.6], this
norm is equal to the following norm:
Hp := {f ∈ H(D) : ‖f‖Hp =
(∫
∂D
|f(ξ)|pdm(ξ)
)1/p
<∞} ,
where for any ξ ∈ ∂D, f(ξ) is the radial limit which exists almost everywhere (see
[34, Theorem 9.4]).
When p =∞, the space H∞ is defined by
H∞ = {f ∈ H(D) : ‖f‖∞ := sup
z∈D
{|f(z)|} <∞} .
For any analytic function g ∈ H(D), there are two kinds of Volterra type opera-
tors defined, respectively, by
(Tgf)(z) =
∫ z
0
f(ω)g′(ω)dω, z ∈ D, f ∈ H(D) ,
and
(Sgf)(z) =
∫ z
0
f ′(ω)g(ω)dω, z ∈ D, f ∈ H(D) .
The boundedness and compactness of these two operators on some spaces of
analytic functions were extensively studied. Pommerenke [30] firstly studied the
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boundedness of Tg on Hardy-Hilbert space H
2. After his work, Aleman, Siskakis
and Cima [2, 3] systematically studied the boundedness and compactness of Tg
on Hardy space Hp, in which they showed that Tg is bounded (or compact) on
Hp, 0 < p <∞, if and only if g ∈ BMOA (or g ∈ VMOA). What’s more, Aleman
and Siskakis [4] studied the boundedness and compactness of Tg on Bergman spaces
while Galanopoulos, Girela and Pela´ez [14, 15] investigated the boundedness of Tg
and Sg on Dirichlet type spaces and Xiao [32] studied Tg and Sg on Qp spaces.
Recently, Lin, et al [21] studied the boundedness of Tg and Sg acting on the
derivative Hardy spaces Sp. For these operators on other spaces like Fock spaces
and weighted Banach spaces, see [5, 8, 10, 22, 24, 25, 31] and the references therein.
A bounded operator T : X → Y between Banach spaces is strictly singular if
its restriction to any infinite-dimensional closed subspace is not an isomorphism
onto its image. This notion was introduced by Kato [16]. The obvious example of
strictly singular non-compact operators are inclusion mappings ip,q : ℓ
p →֒ ℓq, when
1 ≤ p < q <∞.
A bounded operator T : X → Y between Banach spaces is said to fix a copy of
the given Banach space E if there is a closed subspace M ⊂ X , linearly isomorphic
to E, such that the restriction T|M defines an isomorphism from M onto T (M).
The bounded operator T : X → Y is called ℓp-singular if it does not fix any copy
of ℓp .
Miihkinen [26] studied the strict singularity of Tg on Hardy spaceH
p and showed
that the strict singularity of Tg coincides with its compactness on H
p, 1 ≤ p <
∞. whose main ideas come from the recent paper [19] where the corresponding
questions are investigated for composition operators.
Although the boundedness and compactness of the operator Tg on H
p had been
studied, from the literature that we have looked at so far, the proofs of the bounded-
ness and compactness for the operator Sg on H
p are still not been shown in detail,
except for the case p = 2 whose study seems to be elementary (see [20]). Thus, in
this paper, We first characterize the boundedness and compactness of Volterra type
operator Sgf defined on Hardy spaces H
p for 0 < p < ∞ . Base on the character-
ization of the boundedness for the operator Sg on H
p, we are able to characterize
the spectrum of Sg on H
p, inspired by the idea in the papers [8, 9]. Then we prove
that the bounded operator Sg fixes an isomorphic copy of ℓ
p if the operator Sg is
not compact on Hp. In particular, this implies that the strict singularity of the
operator Sg coincides with the compactness of the operator Sg on H
p. Moreover,
we show that Sg, when acting on H
p(1 ≤ p <∞), fixes an isomorphic copy of ℓ2.
In the last section, we post an open question for further study.
Our main results are as follows:
Proposition 1. Let g ∈ H(D) and 0 < p < ∞. Then the operator Sg : H
p → Hp
is bounded if and only if g ∈ H∞.
Proposition 2. Let g ∈ H(D) and 0 < p < ∞. Then the operator Sg : H
p → Hp
is compact if and only if g = 0.
Proposition 3. Let g ∈ H(D) and 0 < p <∞. Then the spectrum of the bounded
operator Sg : H
p → Hp is σ(Sg) = {0} ∪ g(D).
Theorem 1. Let 1 ≤ p < ∞ and suppose that Sg : H
p → Hp is bounded but not
compact. Then the operator Sg : H
p → Hp fixes an isomorphic copy of ℓp and an
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isomorphic copy of ℓ2 as well. In particular, the operator Sg is not strictly singular,
that is, strict singularity of bounded operator Sg coincides with its compactness.
2. Boundedness and Compactness of Sg on H
p
In this section, we provide a new proof for the conditions of boundedness and
compactness of the operator Sg on H
p when 0 < p < ∞. Although the result for
the boundedness can be deduced from [5, Lemma 2.1(i)], we give our new proof
which is not only useful to the proof of compactness of Sg on H
p and the proof of
Theorem 1, but also of interest itself.
Proof of Proposition 1. Assume that Sg : H
p → Hp is bounded. From [33], we
know thatHp ⊂ BMOA
1+1/p
p , whereBMOA
1+1/p
p is the space of analytic functions
f satisfying
sup
a∈D
∫
D
|f ′(z)|p(1− |z|2)p−1(1− |ϕa(z)|
2)dA(z) <∞
in which ϕa(z) =
a−z
1−a¯z is the Mo¨bius transformation on D and A is the normalized
Lebesgue measure on D. Hence, if Sg : H
p → Hp is bounded, then Sg : H
p →
BMOA
1+1/p
p is also bounded. Therefore, for any f ∈ Hp, we have
sup
a∈D
∫
D
|(Sgf)
′(z)|p(1 − |z|2)p−1(1− |ϕa(z)|
2)dA(z) ≤ C‖f‖pHp .
It is easy to verify that for any a ∈ D, the function
fa(z) =
(1− |a|2)2−1/p
(1− a¯z)2
is a unit vector in Hp. Thus,
sup
a∈D
∫
D
|(Sgfa)
′(z)|p(1 − |z|2)p−1(1− |ϕa(z)|
2)dA(z) ≤ C‖fa‖
p
Hp ,
or equivalently,
sup
a∈D
∫
D
|a¯|p|g(z)|p
(1− |a|2)2p−1
|1− a¯z|3p
(1− |z|2)p−1(1− |ϕa(z)|
2)dA(z) ≤ C .
Then, let z = ϕa(ω) =
a−ω
1−a¯ω be a Mo¨bius transformation on D, we have
sup
a∈D
∫
D
|a¯|p|g(ϕa(ω))|
p (1− |a|
2)2p−1
|1− a¯ϕa(ω)|3p
(1− |ϕa(ω)|
2)p−1(1− |ω|2)|ϕ′a(ω)|
2dA(z) ≤ C .
Note that |1− a¯ϕa(ω)| = (1− |a|
2)/|1− a¯ω| and (1− |ϕa(ω)|
2) = (1− |z|2)||ϕ′a(ω)|,
we obtain
sup
a∈D
∫
D
|a¯|p|g(ϕa(ω))|
p|1− a¯ω|p−2(1 − |ω|2)pdA(z) ≤ C .
Now, consider the analytic function Ga(ω) := a¯
pg(ϕa(ω))
p(1 − a¯ω)p−2, we get
that
sup
a∈D
|Ga(0)| = sup
a∈D
|a¯|p|g(a)|p ≤ sup
a∈D
∫
D
|a¯|p|g(ϕa(ω))|
p|1−a¯ω|p−2(1−|ω|2)pdA(z) ≤ C
which implies that
sup
|a|→1−
|g(a)|p ≤ C,
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that is, g ∈ H∞.
Conversely, assume that g ∈ H∞, then by [3, 12], the operator Tg : H
p → Hp
and the multiplication operator Mg : H
p → Hp are both bounded. Therefore, it
follows from the obvious equality (Mgf)(z)− (Mgf)(0) = (Tgf)(z)+ (Sgf)(z) that
Sg : H
p → Hp is also bounded. Accordingly, the proof is complete. 
Remark 1. We note that the sufficiency of Proposition 1 can also be proven directly
by using the following equivalent norms for Hp (see [1, p. 125]):
‖f‖pHp ≍
∫
∂D
(∫
S(ξ)
|f (n)(z)|2(1− |z|2)2n−2dA(z)
)p/2
dm(ξ) +
n−1∑
j=0
|f (j)(0)|p .
Proof of Proposition 2. It is obvious that if g = 0, then Sg : H
p → Hp is compact.
Conversely, if Sg : H
p → Hp is compact, Sg : H
p → BMOA
1+1/p
p is also compact.
Since for any sequence {an}
∞
n=1 such that limn→∞ |an| = 1, fan converges to 0
uniformly on compact subsets of D, it holds that
lim
n→∞
∫
D
|(Sgfan)
′(z)|p(1 − |z|2)p−1(1− |ϕan(z)|
2)dA(z) = 0 ,
then similar to the arguments in the proof of Proposition 1, we obtain
lim
n→∞
|g(an)|
p = 0 .
That is, g = 0. Accordingly, the proof is complete. 
3. The spectrum of Sg on H
p
In this section, we characterize the the spectrum of the bounded operator Sg on
Hp .
Proof of Proposition 3. Since for any f ∈ Sp \ {0}, the function Sgf has a zero at
z = 0, it holds that 0 ∈ σ(Sg).
Now, we assume that λ ∈ C \ {0}. For any h ∈ H(D), it is easy to show that the
equation
f −
1
λ
Sgf = h
has the unique solution f in H(D) and the solution is
f(z) = Rλ,gh(z) :=
∫ z
0
h′(ζ)
1− 1λg(ζ)
dζ + h(0) .
Therefore, the resolvent set ρ(Sg) of the bounded operator Sg consists precisely of
all points λ ∈ C for which Rλ,g is a bounded operator on H
p .
If λ ∈ C \ ({0}∪ g(D)), then 1− 1λg(ζ) is bounded away from 0, that is,
1
1− 1
λ
g(ζ)
is bounded. Thus,
f = S(1− 1
λ
g)h+ h(0) ∈ H
p
by Proposition 1, which implies that the operator Rλ,g is a bounded operator on
Hp . Accordingly, C \ ({0} ∪ g(D)) ⊂ ρ(Sg), that is, σ(Sg) ⊂ ({0} ∪ g(D)) .
Conversely, if λ ∈ g(D) and λ 6= 0, then 1
1− 1
λ
g(ζ)
is not bounded, which implies
that the operator Rλ,g is not bounded on H
p, hence we have g(D) \ {0} ⊂ σ(Sg) .
Thus, in conjunction with the fact that 0 ∈ σ(Sg), it holds that
g(D) ∪ {0} ⊂ σ(Sg) ⊂ g(D) ∪ {0} .
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Since the spectrum σ(Sg) is closed, we obtain that σ(Sg) = g(D) ∪ {0} . 
4. Proof of Theorem 1
First, we note that Theorem 1 holds for p = 2 due to the fact that a bounded
linear operator on H2 is compact if and only if it is strict singular, if and only if
it does not fix any copy of ℓ2 (see [29, 5.1-5.2]) . From now on, we suppose that
p 6= 2 .
From the proof in Proposition 2, it can be easily checked that, if the bounded
operator Sg : H
p → Hp is not compact, then there exists a sequence (an) ⊂ D with
0 < |a1| < |a2| < . . . < 1 and an → ω ∈ ∂D, such that there is a positive constant
h such that
‖Sg(fan)‖Hp ≥ h > 0
holds for all n ∈ N and fan defined in the previous section. We may assume without
loss of generality that an → 1 as n→∞ by utilizing a suitable rotation.
Lemma 1. Let (an) ⊂ D be a sequence as above. Let Aε = {e
iθ : |eiθ − 1| < ε} for
each ε > 0. Then for bounded operator Sg : H
p → Hp, we have
(1) lim
ε→0
∫
Aε
|Sgfan |
pdm = 0 for every n ∈ N.
(2) lim
n→∞
∫
∂D\Aε
|Sgfan |
pdm = 0 for every ε > 0.
Proof. (1) For each fixed n, this follows immediately from the absolute continuity
of Lebesgue measure and the boundedness of operator Sg : H
p → Hp .
(2) For given ε > 0, it is easy to see that there is a positive γ > 0 such that
|1− a¯nre
iϑ| ≥ γ for all n ∈ N, 0 ≤ r < 1 and ε ≤ ϑ ≤ π . Therefore, for these r and
ϑ, we get that
|f ′an(re
iϑ)|p =
|a¯n|
p(1− |a|2)2p−1
|1− a¯nreiϑ|3p
≤
|a¯n|
p(1− |an|
2)2p−1
γ3p
,
for all n ∈ N. Then, for any ξ ∈ ∂D \Aε, we have
|(Sgfan)(ξ)|
p =
∣∣∣∣
∫ 1
0
f ′an(rξ)g(rξ)ξdr
∣∣∣∣
p
≤
(∫ 1
0
|f ′an(rξ)g(rξ)|dr
)p
≤ ‖g‖p∞
(∫ 1
0
|f ′an(rξ)|dr
)p
≤ ‖g‖p∞
|a¯n|
p(1− |an|
2)2p−1
γ3p
.
Accordingly,
lim
n→∞
∫
∂D\Aε
|Sgfan |
pdm ≤ lim
n→∞
‖g‖p∞
|a¯n|
p(1− |an|
2)2p−1
γ3p
= 0 .
The proof is complete. 
Now, we are prepared to give a proof of Theorem 1.
Proof of Theorem 1. First, as noted above, there exists a sequence (an) ⊂ D with
0 < |a1| < |a2| < . . . < 1 and an → 1, such that there is a positive constant h such
that ‖Sg(fan)‖Hp ≥ h > 0 holds for all n ∈ N .
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Then by Lemma 1 and induction method, we can find a decreasing positive
sequence (εn) such that Aε1 = ∂D and limn→∞ εn = 0, and a subsequence (bn) ⊂
(an) such that the following three conditions hold:
(1)
(∫
An
|Sgfbk |
pdm
)1/p
< 4−nδh, k = 1, . . . , n− 1;
(2)
(∫
∂D\An
|Sgfbn |
pdm
)1/p
< 4−nδh;
(3)
(∫
An
|Sgfbn |
pdm
)1/p
>
h
2
for every n ∈ N, where An = Aεn and δ > 0 is a small constant whose value will be
determined later.
Now we are ready to prove that ‖
∑∞
j=1 cjSg(fbj )‖Hp ≥ C‖(cj)‖ℓp , where the
constant C > 0 may depend on p.
‖
∞∑
j=1
cjSg(fbj )‖
p
Hp =
∞∑
n=1
∫
An\An+1
∣∣∣∣∣∣
∞∑
j=1
cjSg(fbj )
∣∣∣∣∣∣
p
dm
≥
∞∑
n=1

|cn|
(∫
An\An+1
|Sgfbn |
pdm
)1/p
−
∑
j 6=n
|cj |
(∫
An\An+1
|Sgfbj |
pdm
)1/p
p
.
Observe that for every n ∈ N, we have(∫
An\An+1
|Sgfbn |
pdm
)1/p
=
(∫
An
|Sgfbn |
pdm−
∫
An+1
|Sgfbn |
pdm
)1/p
≥
((
h
2
)p
−
(
4−n−1δh
)p)1/p
≥
h
2
− 4−n−1δh
according to conditions (1) and (3) above, where the last estimate holds for 1 ≤
p <∞.
Moreover, we have(∫
An\An+1
|Sg(fbj )|
pdm
)1/p
≤
(∫
An
|Sg(fbj )|
pdm
)1/p
< 4−nδh
for j < n by condition (1) and(∫
An\An+1
|Sgfbj |
pdm
)1/p
≤
(∫
∂D\Aj
|Sgfbj |
pdm
)1/p
< 4−jδh
for j > n by condition (2).
Thus it always holds that(∫
An\An+1
|Sgfbj |
pdm
)1/p
< 2−n−jδh for j 6= n.
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Consequently, by the triangle inequality in Lp, we obtain that
‖
∞∑
j=1
cjSg(fbj )‖Hp ≥
(
∞∑
n=1
(
|cn|
(
h
2
− 4−n−1δh
)
− 2−nδh‖(cj)‖ℓp
)p)1/p
≥
(
∞∑
n=1
(
|cn|
(
h
2
)
− 2−n+1δh‖(cj)‖ℓp
)p)1/p
≥
h
2
‖(cj)‖ℓp − δh‖(cj)‖ℓp
(
∞∑
n=1
2−(n−1)p
)1/p
≥ h
(
1
2
− δ
(
1− 2−p
)−1/p)
‖(cj)‖ℓp ≥ C‖(cj)‖ℓp ,
where the last inequality holds when we choose δ small enough.
A straightforward variant of the above procedure also gives
‖
∞∑
j=1
cjSg(fbj )‖Hp ≤ C1‖(cj)‖ℓp ,
where the constant C1 > 0 may depend on p.
By choosing g = 1 and the fact that limn→∞ fan(0) = 0, we obtain that
C2‖(cj)‖ℓp ≤ ‖
∞∑
j=1
cjfbj‖Hp ≤ C3‖(cj)‖ℓp .
Thus, we have
‖
∞∑
j=1
cjSg(fbj )‖Hp ≥ C‖(cj)‖ℓp ≥ CC
−1
3 ‖
∞∑
j=1
cjfbj‖Hp
This implies that the operator Sg : H
p → Hp fixes an isomorphic copy of ℓp .
To prove that the operator Sg : H
p → Hp fixes an isomorphic copy of ℓ2, we
consider the trivial equality
Mg(f) = f(0)g(0) + Tg(f) + Sg(f) for z ∈ D , f ∈ H(D),
where Mg is the multiplication operator. It is proven that Mg is not l
2-singular
on Hp while Tg is l
2-singular on Hp (see [23, 27]). Since the class of l2-singular
operators forms a linear subspace of the space of all bounded operators, it follows
from the above equality that Sg is not l
2-singular on Hp, that is, Sg : H
p → Hp
fixes an isomorphic copy of ℓ2. The proof is complete. 
5. Open question
In Theorem 1, we exclude the case of p =∞ since our method is not applicable
in this case. Although Bourgain [6] has established that a bounded linear operator
on H∞ is weakly compact if and only if it does not fix any copy of ℓ∞, we do not
know whether or not Sg acting on H
∞ is compact if and only if it does not fix any
copy of ℓ∞. So we post it as an open question as follows:
Open Question. Suppose that Sg : H
∞ → H∞ is bounded but not compact.
Does the operator Sg : H
∞ → H∞ fix an isomorphic copy of ℓ∞? In particular, is
the operator Sg not strictly singular?
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